Abstract. In this article, we are mainly interested to find some sufficient conditions for integral operator involving normalized Struve and Dini function to be in the class N (µ). Some corollaries involving special functions are also the part of our investigations.
Introduction
Let A denote the class of functions f of the form f (z) = z + ∞ n=2 a n z n ,
which are analytic in the open unit disc U = {z : |z| < 1} and S denote the class of all functions in which are univalent in U. Let S * (α) , C (α) and K (α) denote the classes of starlike, convex and close-to-convex functions of order α and are defined as: S * (α) = f : f ∈ A and Re zf (z) f (z) > α, z ∈ U, α ∈ [0, 1)
C (α) = f : f ∈ A and Re 1 + zf (z) f (z) > α, z ∈ U, α ∈ [0, 1) , and K (α) = f : f ∈ A and Re zf (z) g (z) > α, z ∈ U, α ∈ [0, 1) , g ∈ S * .
It is clear that S * (0) = S * , C (0) = C and K (0) = K.
Here, we introduce another class N (p, γ), 1 < γ < 2 p +1 2 p−1 +1 , consisting of the function of the form of (1) satisfying the relation
where D p stands for the Salagean operator introduced by Salagean [1] in 1983. For p = 0, p = 1 the class N (p, γ) reduce to the classes M (γ) and N (γ), respectively. These classes were generalized by many researchers. For the study of these classes we refer [2] . In geometric function theory, special functions play an important role. Special functions have their own importance in pure and applied mathematics. The widely use of these functions have attracted many researchers to work on the different directions. Geometric properties of special functions such as Hypergeometric functions, Bessel functions, Struve functions, Mittage Lefller functions, Wright functions and some other related functions is an ongoing part of research in geometric function theory. We refer for some geometric properties of these functions [3, 4, 5, 6, 7, 8, 9, 10] and references therein. The Struve functions H v and L v appeared as special solutions of the second order inhomogeneous differential equations of the form
where Γ(z) is the gamma function. Applications of Struve functions occur in water-wave and surface-wave problems, unsteady aerodynamics, resistive MHD instability theory and optical diffraction. More recently, Struve functions have appeared in many particle quantum dynamical studies of spin decoherence and nanotubes. Now consider the second order inhomogeneous differential equation
where b, c, v ∈ C. The equation (6) generalizes the equation (2) and (3). In particular for b = 1, c = 1, we obtain (2). For b = 1, c = −1 we get (3). Its particular solution has the series form
It is known as generalized Struve functions of order v. Consider the transformation
where k = v + (b + 2)/2 = 0, −1, −2, −3, ...and
The function u v,b,c is analytic in U and is the solution of the differential equation
The Bessel function of the first kind J v is defined by
where Γ stands for Euler gamma function. It is a particular solution of the second order linear homogeneous differential equation
where v ∈ C. We consider the normalized Dini functions q υ : U → C defined as
For normalized Dini functions we refer [12, 13] . In the present paper, we are mainly interested about the integral operator involving some special functions defined as
This integral operator generalizes many operators due to this reason it has great importance. By assigning different values to parameters we get differenr operators defined in [14, 15, 16, 17] . Recently Porwal and kumar [18] studied the mapping properties of integral operators involvig Bessel functions.
Main Lemmas
The following lemmas play an very important role to derive our main results.
then the function u v,b,c : U → C defined by (8) satisfies the following inequality:
Lemma 2.2. [12]
Let v ∈ R and consider the normalized Dini function q v (z) :
where J v (z) is the Bessel function of first kind. Then
The main objective of this paper is to give sufficient conditions for integral operator involving some special functions. The main results are given below.
Sufficient Conditions of Integral Operator Defined by Normalized Struve Function
Suppose k = min {k 1 , k 2 , . . . , k n }, α 1 , . . . , α n , β 1 , ..., β m (i = 1, 2, ..., n) are positive real numbers and let f j (z), (j = 1, 2, ..., m) be of the form of (1) is in class N (p, γ j ) . More over these numbers satisfy the relation
then the function F v1,...,vn,α1,...,αn,β1,...,βm : U → C defined by (12) is in N (µ) , where
Proof. We easily observe that u vi,b,c , ∀i = 1, 2, · · · n are analytic and normalized of the form of u vi,b,c (0) = u vi,b,c (0) − 1 = 0. Clearly F v1,...,vn,α1,...,αn,β1,...,βm also analytic and normalized form of the form of F v1,...,vn,α1,...,αn,β1,...,βm (0) = F v1,...,vn,α1,...,αn,β1,...,βm (0) − 1 = 0. On the other hand, it is easy to see that
Differentiating logarithmically, we get zF v1,...,vn,α1,...,αn,β1,...,βm (z) F v1,...,vn,α1,...,αn,β1,...,βm (z)
or equivalently, 1 + zF v1,...,vn,α1,...,αn,β1,...,βm (z) F v1,...,vn,α1,...,αn,β1,...,βm (z)
This implies that
Re 1 + zF v1,...,vn,α1,...,αn,β1,...,βm (z) F v1,...,vn,α1,...,αn,β1,...,βm (z)
Now, by using Lemma 2.1 for each v i , where i = 1, 2, · · · n, we obtain Re 1 + zF v1,...,vn,α1,...,αn,β1,...,βm (z) F v1,...,vn,α1,...,αn,β1,...,βm (z)
Now consider the funnction
,
.
Therefore
2 p−1 +1 , therefore F v1,...,vn,α1,...,αn,β1,...,βm ∈ N (µ), where
Which completes the proof.
By setting β 1 = β 2 = ... = β n = 0 and p = 1 in Theorem 3.1 we will obtain the result given below 
Suppose v = min {v 1 , v 2 , ..., v n }. Let α 1 , . . . , α n (i = 1, 2, ..., n) are positive real numbers and f j (z), (j = 1, 2, ..., m) be of the form of (1) is in class N (p, γ j ) .
More over these numbers satisfy the relation
The next theorem gives other sufficient conditions for the integral operator defined in (12) . The key tool in the proof is Lemma 2.2.
Sufficient Conditions of Integral Operator Defined by Normalized
Dini Function
, where n ∈ N. Let q vi : U → C be defined as
Suppose k = min {k 1 , k 2 , . . . , k n }, α 1 , . . . , α n , β 1 , ..., β m are positive real numbers and let f j (z), (j = 1, 2, ..., m) be of the form of (1) is in class N (p, γ j ) . More over these numbers satisfy the relation
Proof. We easily observe that q vi ∀i = 1, 2, · · · n are analytic and normalized of the form of q vi (0) = q vi (0)−1 = 0. Clearly F v1,...,vn,α1,...,αn,β1,...,βm also analytic and normalized form of the form of On the other hand, it is easy to see that
Differentiating logarithmically, we get zF v1,...,vn,α1,...,αn,β1,...,βm (z) F v1,...,vn,α1,...,αn,β1,...,βm (z) 
This implies that
Now, by using Lemma 2.2 for each v i , where i = 1, 2, · · · n, we obtain Re 1 + zF v1,...,vn,α1,...,αn,β1,...,βm (z) F v1,...,vn,α1,...,αn,β1,...,βm (z)
Now as it is clear that the function
, is decreasing function. Therefore 4v i + 9 2 (4v 2 i + 9v i + 3)
Therefore
Re 1 + zF v1,...,vn,α1,...,αn,β1,...,βm (z) F v1,...,vn,α1,...,αn,β1,...,βm (z) ≤ 1 + 4v + 9 2 (4v 2 + 9v + 3) , where n ∈ N. Let q vi : U → C be defined as
Suppose v = min {v 1 , v 2 , ..., v n }. Let α 1 , . . . , α n (i = 1, 2, ..., n) are positive real numbers and f j (z), (j = 1, 2, ..., m) be of the form of (1) is in class N (p, γ j ) . More over these numbers satisfy the relation 1 < 1 + 4v + 9 2 (4v 2 + 9v + 3) 
